We discuss the three-space problem on discreteness for the Jacobson topology on the spectrum of a C ¤ -algebra in detail. As an application, it is shown that a C ¤ -algebra A is a dual C ¤ -algebra if and only if a closed ideal I of A and the quotient A=I are dual C ¤ -algebras and the open central projection, in the second dual of A, corresponding to I is a multiplier for A.
Introduction
Let P be a property in a Banach space. Let X be a Banach space and Y be its subspace. A three-space problem in the Banach space setting is whether it is true that if Y and the quotient space X=Y have property P , then X has property P . If the answer is positive, such a property P is called a three-space property. There are already a lot of solutions to three-space problems for many properties in Banach spaces (see [1] ). In the C ¤ -algebra setting, the three-space problem is formulated as follows. Let A be a C ¤ -algebra and let I be a closed ideal of A. We denote by A=I the quotient C ¤ -algebra of A by I. Is it true that A has property P when both I and A=I have property P ? Also in this setting, there are results in three-space problems for important properties in C ¤ -algebras. For example, as is well known, the C ¤ -algebra A is of type I if and only if both I and A=I are of type I, or, A is nuclear if and only if both I and A=I are nuclear, and so on. Like this, as important properties of C ¤ -algebras A are often characterized completely by the ideal reduction condition that both of I and A=I should possess the same property as A, it is very important to deal with three-space problems in the theory of C ¤ -algebras. On the other hand, there is a class of type-I C ¤ -algebras called dual, which have often appeared recently (see, for example, [2, 3, 6] ), although it has been a long time since the notion of a dual C ¤ -algebra was rst introduced by Kaplansky [5] (see also [4, 4.7.20] ). Recall that a C ¤ -algebra A is said to be dual if the sum of the minimal left ideals of A is dense in A, or, equivalently, A is isomorphic to a C ¤ -subalgebra of the C ¤ -algebra of all compact operators on some Hilbert space. If A is a dual C ¤ -algebra, then I and A=I are also dual C ¤ -algebras. However, the converse is not necessarily true. In fact, we will give a counterexample later (see example 2.7). Thus the property for C ¤ -algebras to be dual is not a three-space property. In this paper, when I and A=I are dual C ¤ -algebras, we want to consider what conditions should be necessary for A to become a dual C ¤ -algebra. For this, we shall need to investigate topological properties of the spectrum of A.
We denote byÂ the spectrum of A, that is, the equivalence classes of non-zero irreducible representations of A equipped with the Jacobson topology. If J is a closed ideal of A and if º is an irreducible representation of J , then º extends uniquely to an irreducible representation of A. Hence we may identifyĴ as a subset ofÂ. In fact, the Jacobson topology consists of open sets fĴ j J is a closed ideal of Ag. Then \ (A=I) is identi ed withÂnÎ. As is easily seen, A is a dual C ¤ -algebra if and only if A is of type I andÂ is discrete (see [5, lemmas 2.3 and 2.4]). Hence, if I and A=I are dual C ¤ -algebras, then they are of type I and bothÎ andÂnÎ are discrete in the relative topology induced fromÂ. Although we have already mentioned it before, recall here that if I and A=I are of type I, then A becomes a type-I C ¤ -algebra. Thus, if we can derive from discreteness of bothÎ and \ (A=I) thatÂ is discrete, then we can conclude that A is a dual C ¤ -algebra. By the way, it might be signi cant to remark that ifÂ is discrete, thenÎ and \ (A=I) are discrete in the relative topology and that the converse is false in general (see example 2.4). Thus the property for the Jacobson topology onÂ to be discrete is not a three-space property.
In this paper, in order to derive the discreteness ofÂ, rst of all we investigate what condition should be added to the condition thatÎ and \ (A=I) should be discrete in the relative topology induced fromÂ. As an application of such an observation, we show that a C ¤ -algebra A is a dual C ¤ -algebra if and only if a closed ideal I and A=I are dual C ¤ -algebras and the open central projection, in the second dual of A, corresponding to I is a multiplier for A.
Results
Let A be a C ¤ -algebra and let A ¤ ¤ be its second dual. As usual, we identify A ¤ ¤ with the enveloping von Neumann algebra of A. We denote byÃ the C ¤ -algebra generated by A and the identity 1 of A ¤ ¤ , and denote by (Ã s a ) m the set of elements in A ¤ ¤ which can be obtained as strong limits of bounded monotone increasing nets from self-adjoint elements of the C ¤ -algebraÃ in A ¤ ¤ . We denote by Prim(A) the primitive spectrum of A, that is, the set of primitive ideals of A equipped with the Jacobson topology, which is de ned as the topology for which the class fhull(I) j I is a closed ideal of Ag form the closed sets, where [7, 4.1] for the details). The primitive spectrum is always locally compact and is a T 0 -space. In general, however, it is not necessarily a T 1 -space. We denote again bŷ A the spectrum of A. Then the Jacobson topology onÂ is de ned as the topology for which the canonical map fromÂ onto Prim(A) is open and continuous. We remark thatÂ is a T 0 -space if and only if the canonical map fromÂ onto Prim(A) is injective.
For a non-zero irreducible representation º of A, we denote by [º ] the equivalence class of º , so that [º ] is an element ofÂ. For any positive element x 2 A ¤ ¤ , de ne a bounded real function µ x onÂ by [7, 4.4 ] for further details). We denote by M (A) the multiplier algebra of A. Since µ x is constant on each class of elements inÂ that have the same kernel in A, we very often regard µ x as a lower semi-continuous function on Prim(A). Then the map x ! µ x is an isometric isomorphism from the central elements in (Ã s a ) m onto the bounded real lower semi-continuous functions onÂ (see [7, 4.4.6] (2) Replace the spectra of C ¤ -algebras by their primitive spectra in the above proof. Then the proof of (1) 
Proof. Let p be an open central projection in A ¤ ¤ . Since Prim(A) is discrete in the Jacobson topology, µ
p is a bounded continuous function on Prim(A). It therefore follows from the Dauns{Hofmann theorem that there exists an element q in the centre of M (A) such that µ p = µ q. We thus have only to show that p = q in order to conclude that p 2 M (A). Since p is a projection, µ p is also a projection. Hence µ q is a projection. Since x ! µ x is an isomorphism from the centre of M (A) onto C b (Prim(A)), q is also a projection. Thus q is self-adjoint.
Since p is an open projection in A ¤ ¤ , p belongs to (Ã s a ) m (see [7, proposition 3.11.9]). Since q is a self-adjoint element in M (A), not only p but also q belongs to (Ã s a ) m (see [7, theorem 3.12 .9]). On the other hand, µ p = µ q implies that p and q have the same images under the atomic representation when we regard µ p and µ q as functions onÂ (see [7, 4.3.7] ). Since the set of universally measurable elements U (A) of A ¤ ¤ contains (Ã s a ) m (see [7, proposition 4.3 .13]), and since the atomic representation of A is faithful on U (A) (see [7, theorem 4.3 .15]), we conclude that p = q. Theorem 2.3. Let A be a C ¤ -algebra. Then the following conditions are equivalent.
(1)Â is discrete in the Jacobson topology. 
(4)Â is a T 1 -space in the Jacobson topology and every open central projection in
A ¤ ¤ is a multiplier for A.
Proof.
(1) ) (3). IfÂ is discrete, then Prim(A) is also discrete. Hence this implication follows from lemma 2.2. (3) ) (2). This is trivial.
(2) ) (1). This follows from lemma 2.1.
(1) ) (4). This follows from lemma 2.2. p is the characteristic function on Prim(A)n hull(t) (see the proof of lemma 2.1). Since Prim(A) is a T 1 -space, every point in Prim(A) is a closed set. Hence we see that ftg = ftg ² hull(t), from which it follows that ftg is open in Prim(A). This means that Prim(A) is discrete.
We give an example thatÎ and \ (A=I) are discrete in the relative topology and A is not discrete.
Example 2.4. Consider X = fa; b; cg and Y = fb; cg. Let ¿ denote the empty set. We de ne the family of open sets in X by O(X) = fX; ¿ ; fb; cg; fbg; fcgg. Then the relative topology on Y is given by the family of open sets fY; ¿ ; fbg; fcgg.
Let A be the C ¤ -algebra of continuous functions on X, denoted by C(X), and let I be a C ¤ -algebra of continuous functions on Y , denoted by C(Y ) This theorem can easily be proved by an obvious modi cation of the proof of theorem 2.3, using lemmas 2.1 and 2.2. We leave the details to the reader. Now we are in a position to establish the main result as a corollary to theorem 2.3.
Theorem 2.6. Let A be a C ¤ -algebra. Then the following conditions are equivalent.
(1) A is a dual C ¤ -algebra. Proof. It easily follows from theorem 2.3 that conditions (1){(4) are equivalent.
(3) ) (5). Since p is a multiplier for A, we easily see that the map x 2 A ! xp + x(1 ¡ p) gives an isomorphism from A onto the direct sum I © A=I.
(5) ) (1). This is trivial because a dual C ¤ -algebra is isomorphic to a C ¤ -subalgebra of the C ¤ -algebra of all compact operators on some Hilbert space (see [4, 4.7.20 
]).
Example 2.7. In general, even though there existed a closed ideal I of A such that A=I and I are dual C ¤ -algebras, A is not necessarily dual. For example, let H be a separable in nite-dimensional Hilbert space and let C(H) be the C ¤ -algebra of all compact operators on H. Consider the C ¤ -algebra A = C(H) + C ¢ 1, where 1 denotes the identity operator on H. Take I = C(H). Then A is not dual (see [4, 4.20 and 4.7 .18]), although A=I and I are dual C ¤ -algebras.
We remark that separable dual C ¤ -algebras are completely characterized by the topology of their spectra. In fact, let A be a separable C ¤ -algebra. ThenÂ is a T 0 -space if and only if A is of type I (see [4, 9.5.2] ). Hence A is a dual C ¤ -algebra if and only ifÂ is discrete.
We end by giving a result on the existence of a non-trivial open central projection in A ¤ ¤ which is a multiplier for A. We remark that each of the conditions in proposition 2.8 imply thatÂ is disconnected in the Jacobson topology.
